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Forgetting about context, one could say that this paper does just one 
thing, namely, it constructs a square root of a generalized character. To be 
sure, it is a very special generalized character for a very special group 
(namely, S,). All the same, this seems a rather unusual thing to do in 
character theory. As far as I am aware, there is no a priori argument 
known of why a root should exist, let alone that explains the role played 
by the Jacobi symbol in its construction. 
Brauer’s k(B)-conjecture-in a special case, namely, the “k(GV)- 
problem,” see [4, 6]-provides the motivation; in fact, the generalized 
character 6 (see below) whose square root is constructed came up when 
studying this problem. The corollary clarifies the connection. 
The reader should be familiar with the elements of character theory, in 
particular those of the symmetric group. Also, a few facts about tensor 
induction are needed. 
Let G be a finite group acting on a finite set Q and let F be a finite 
field with char F= p. Let R be the permutation character of G on FQ; 
i.e., 7r( g) = IC,(g)l is the order of the space of fixed points of g E G. 
Let 6(g) = n(g))’ rc( l), so if 10) = n and g has m orbits on Q, then 
6(g) = IF-Jn-m. Let us assume from now on that p 1 IGI. Then 6 is a 
generalized character by [6, Prop. 1.11. 
Denote by 9 the ring of algebraic integers in @ and let .r$ = m, SO 
~2 is an ideal of 9; see [2, Sects. 1, 41 for more details. Finally, let 
a=:(1 +i&)oc and Y=Z++a, so .Z is a Z-lattice in C. 
THEOREM. With assumptions and notation as above, the following holds: 
(1) There is an da-generalized character y of G such that yji = 6 and 
yc6 mod&‘. 
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(2) Zf IFI is an even power of p or tf G acts by even permutations on 
Sz, then one can choose y in (1) to be a rational valued generalized character. 
COROLLARY. Let the PI-group G act faithfully on the finite elementary 
abelian p-group V. Assume that there is a v E V such that VICcCv, is a per- 
mutation module. Then the semidirect product GV has at most 1 VI conjugacy 
classes (and thus at most 1 VI irreducible characters). 
Proof: Using the language of [6, Sect. 41, the theorem states that 6 = 
6(C,(o), V) contains an Y-square or even a square in case (2) (in fact, it 
shows more, because one has not only rv< 6, but actually equality). If 
p=2, then G h as odd order, so C,(v) g A,, and the assertion of (2) holds. 
Ifp is odd and O#.x=a+ba~Y with a, be.??, then 
XX = a2 + b*cki + ab(cc + E) 
=a2+b2~(l+p)+ab 
b a2 + b2 + ah 
3 1. 
This shows that 9 satisfies the condition of [6, 4.31. From this and [6, 
2.21 the assertion follows. 
Brauer’s k(B)-conjecture is that the number of irreducible characters in 
a block is bounded by the order of the defect group. For p-solvable groups 
Nagao [S] reduced the conjecture to the problem of proving the above 
corollary without the permutation module assumption. The case of an 
irreducible action on V is sufficient; this is the “QGV)-problem.” 
The proof of the theorem is contained in Section 2. It will be deduced 
from a crucial special case: Section 1, the case G = S,. 
1.1. Assumptions and Notation. If IQ] = n = 1, there is nothing to prove, 
so let us assume n > 1. Since G = S, is a p’-group, this forces p > n >, 2. We 
will also assume that F= GF(p). Let g E S, have o and e orbits of odd and 
even length, respectively, so n E D mod 2 and e E 0 mod 2 iff g E A,. There- 
fore 6(g)=pnP(“+‘) is an even power of p iff g E A,,. Let 1 and c denote 
the trivial and the sign characters of S, and let r = 4( 1 + p) 1 + i( 1 - p)a. 
Then r is a generalized character of S, and 
r(g) = 
1 if gEA, 
P if gE ,S,\A,. 
By [ 6, Prop. 1.11 again, 8 = 6r ~ ’ is a generalized character of S, ; clearly 
8(g) is an even power of p. We wish to construct a square root ‘1 of 8 in 
the ring of generalized characters of S, (a “root of 6,” for short; observe 
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that a root of 6 cannot exist since the character values of S, are rational 
integers). 
The naive approach of just halving the exponents falls short because, 
usually, the result will be just a class function but not a generalized charac- 
ter. However, one is also free to choose a sign for each conjugacy class of 
S,. The aim of this section is to show that this can be done in such a way 
that the result ye is indeed a generalized character of S,. This “right” choice 
is fairly complicated because it depends not only on the conjugacy class but 
also on p. It is, however, by no means arbitrary: If both q and 9’ are 
generalized characters of S, with v2= (q’)‘=O, then E,=q-‘q’ is a 
generalized character of S, (again by [6, Prop. 1.11) and n(g) = + 1 for all 
ge S,. A moment’s thought shows that 2 = f 1, + c’. Conversely, if r~ 
is a root of 8, then so are -q, OV, and -0~. Therefore, by requiring 
q( 1) = 1 = a(t) for a transposition t, the other values of v] are uniquely 
determined. 
For any 1 drn d n, let E, = (m/p) be the Jacobi-Legendre symbol, so 
E, = 1 if m is a square mod p and E, = - 1 otherwise; recall p > n. It is also 
convenient to denote q = ( - l/p) p. 
1.2. DEFINITION. Write g E S, as a product of disjoint cycles. If there are 
o cycles of odd length, u(l), . . . . U(O), say, and 8 cycles of even length, 
2k( 1 ), . . . . ‘We), say, then define q(g) = qce'*l np= 1 c,~i~q('/2)cu(i)-'3 
rI;= I 'k(j)4 
k(i) ~ 1 
9 where [d/2] is the greatest integer <e/2. 
1.3. Remarks. (a) The definition of q(g) depends only on the cycle 
structure of g (and of course on p which is fixed). Therefore q is a class 
function of S,. 
(b) The exponent of p in q(g)2 is 
i 
0 
2 [e/2]+ C ; [z&-l]+ i: [k(j)-11 
i= 1 j= I I 
= T u(i) + c 2k(j) -u - 2e + 2[e/2] 
I 
so q2 = 8. 
= n-(0+8)-1 { 
n-(o+e) if e is even 
if e is odd, 
(c) A cycle of length 1 can be ignored in calculating r] since 
,,q”/2”1 - 1) = 1. Th is permits us to write just r] instead of q,, (or some such) 
for the above class function of S,. More precisely, if m <n < p then 
VPl=~~lS,. 
(d) If g = g, g,, where the cycles of g, are disjoint from those of g,, 
then clearly v(g) = q(gi) q(g,) unless both g, and g, have an odd number 
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of cycles of even length. In this case, i.e., if g,, g, 4 A,, one has q(g) = 
41kl) rlkd 
(e) q(g) = 1 if and only if g = 1 or g is a transposition. 
The essential point is 
1.4. PROPOSITION. q is a generalized character of S,. 
Proof: Let cI = (52,) . . . . $2,) be a partition of n; i.e., the sZ,‘s are non- 
empty subsets of Q such that Q = ui Qi. Denote S, = S,, x ... x S,,. Then 
it is well known that every generalized character of S, is a E-linear com- 
bination of the characters ( l,a)‘n. It is therefore enough to show that 
(rj s,,l) = (q, (ls,)‘n) E H for all partitions CI. 
Use induction on n to show that qls, is a generalized character. If 
lQ,l = 1 for some i, then S, d S,_ , and we are done. So we assume IQ,1 > 1 
for all i. If tl is a proper partition, i.e., k > 1, proceed as follows. Let m = 
C::: Iail and r = lsZ,I and let p = (Q,, . . . . Q,- i). Then /I is a partition of 
m and both r, m < n. So, by induction, q I s, and q I s, are generalized charac- 
ters. Restricting further, it follows that Ql,8 is a generalized character. 
Therefore, q I sg x q I s, is a generalized character of S, = S, x S,. Now define 
T on S, by 
Note that r is a generalized character since q E 1 mod 4. It is easy to check 
that for g, E S, and g, E S,, one has 
z(g, g2)= 4 if glT m% 1 otherwise. 
It follows from Remark 1.3(d) that t(qs, x qls,) = qlsn, which is therefore a 
generalized character of S,. 
The case k = 1 is the most complicated. Then S, = S,, so we have to 
show that (v], 1) E H. We show first two weaker statements. 
CLAIM 1. Assume that n $ 0 mod 4 and let C be the cyclic group. 
generated by a cycle of length n. Then q I c is a generalized character. 
Proof of Claim 1. Let r be the smallest prime dividing n, say n = rk, so 
k is odd. Let U be the subgroup of index r in C. Then U has r orbits 
sz , , . . . . Q, on 9, each of length k. Let p : U + U, be the restriction of U to 
Q , and define q, on U by q 1 (x) = VP(X). Then q I is a generalized character 
of U (by induction on n). By [6, Prop. 1.81, VP” is a generalized character 
of C. It is therefore enough to show that II/ = (~7’))’ y11 c is a generalized 
character of C. 
481/131/2-6 
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Let us calculate the values $(x) for XE C. If XE U, then 
+7x) = c?l(X)l’ since IC: UI =r 
= c?P(x)l’ 
= v(x) 
since x is a product of r disjoint elements of odd order, all with the same 
cycle structure as p(x). Therefore t++I U = 1. 
If x E C\ U has s cycles, each of length d, say (so sd = n), then xr has KY 
cycles of length r-‘d. Therefore p(x’) has s cycles of length r-‘d and 
ffC(x) = r],(y) = qp(x’) = [Ermldq(‘12)(‘-‘d- ‘)I”; 
note that r-‘d is odd. 
To calculate q(x) for x as above, assume first r odd. Then s and d are 
odd, so 
and 
r(x) = [Edqw*)(~- “1” 
$(x) = [Ed(&-,d)- 1 qw*w-r-‘4]~ = [E,qw*Ne ‘vy, 
since Ed= E,E,-ld and sd= n = rk. 
Let $O=clq (W)(r - “1 c + r ~ 1 [ 1 - &,q(“*)(‘- “1 1:. Then 
Therefore I+$ =$t, and it is enough to show that eO is a generalized charac- 
ter; i.e., the coefficient at 15 is an integer. 
Now p (1/2)(r- ‘! z (p/r) mod r, so 
by quadratic reciprocity 
=(-1) (1/2)(p--1)(1/2)(r-1) (~~)(l/2)(p--1)(1/2)(r-1) 
= 1, 
and the assertion follows, 
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If Y = 2, then x E C\U has even order, so d is even and s is odd, hence 
$qx) = qc~lN- 1)[E(1,2)dgw2w l]S* 
Therefore 
$(x) = qcm- I)[E~,,2)d”(lf*)dq(l/Z)d- lq-w2w2k- “1” 
= qww uqw2Nw2k-- 1)s 
= (lPK(W)n- 1) 
4 
= (1/2)(k- 1) 
9 . 
Let I,$,, = ql, + f( l-q) 1:. Then +,, is a generalized character since q is 
odd: moreover 
$0(x)= ; i 
if x$U 
if XE U, 
so 0 = $b’/‘““- 1) is a generalized character. This proves the claim. 
CLAIM 2. Assume that n = 4k. Let QI = { 1, . . . . 2k) and Q2 = Q\Q,. 
Define an involution t = I-If”, (i, 2k + i) and let G = (t )(S,, x SO*). Then 
q 1 G is a generalized character. 
Proof of Claim 2. Let N= S,, x S,,, so N is a normal subgroup of 
index 2 in G; note that (S,,)‘= S,,. Let ~,(x,x,) = q(xi) for xiE S,, (use 
induction on n again to see that q1 is indeed a generalized character of N). 
As before, we will construct a generalized character + of G such that 
41 G = qF”$, thereby proving the claim. 
Define integers a, 6, c, d depending on p and k as follows: 
P 8mfl 8m+3 8m+5 8m+7 
c m -m mfl -m-l 
d -2m 2mfl -2m-1 2m+2 
while a=qk and b=$[E2-qk]. Let ~o=alG+bl~+cl~,,~+d(a,)~, 
where 0, is the character of N defined by CJ~(X,X~)= sign(x,) (again 
xi E S,). Define 
*={Z;, 
if p-+lmod8 
if p- &3 mod 8, 
where o is the Signum character of S,, restricted to G. 
450 REINHARD KNijRR 
The following table gives the values of $ on elements of G: 
g gEG\N geN\A, g=x,x,eNnA, g=x,x,eNnA, 
x,~An xt4An 
*(g) 
qk if p= *l(8) 
4gw if p= +3(8) 
1 1 4 
In checking this, observe that 
(cl)“, (x1x2) = sign x, + sign x2. 
To show that qlc=qpG1l/, take first g=x1x2EN\A, or g=x,x,EN 
with x,, x2 EA,. In both cases, 
rl(g) = V(Xl) yI(x2) 
= Vl(&T) Vlk’) 
= e%d 
= rl?Gk) $k). 
If g=x,x,EN with xi, x2$A,, then 
v(g) =41(x1) v(x*) 
= 4rlFG(d 
see Remark 1.3(d) 
by 1.3(d) again 
If g E G\N, then g = tx,x, and g2 = (x~xl)(x{x2) E Sn, x S,,. Since g inter- 
changes 52, and Sz,, all cycles of g are of even length, say 2k( l), . . . . 2k(s). 
Then g2 has 2s cycles of half the lengths. Since xix, and xix2 are con- 
jugate, it follows that x:x1 has s cycles and their lengths are k(l), . . . . k(s). 
We may assume that k(l), . . . . k(r) are odd and (k(r+ l), . . . . k(s)) = 
2(h(r + l), .**, h(s)) for some O<r<s. Since n=2 Ciki=O mod 4, this 
forces r E 0 mod 2. Now r](g) = qcs’23 nf= I ckcijqk(i)-l and 
~~Gk) = r11k2)= r(x:xl) 
= qC(.7-r)/23 fi Ekcijq(1/2)(k,- 1) fj Ehcj,qh(j) 1. 
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Therefore 
= qri2 fi q(l12)CU+ ll,=$+, E2qW) 
i= I 
=yr (~P).x~k(~) 
2 4 
=& 
s-r k 
2 4. 
since 2 C;=, k(i) = il = 4k. 
Buts2=1ifP=flmod8;ifp=+3mod8thena2=-land&;-’= 
ES = a(g). So in either case, the above quotient equals i&g). This proves the 
second claim. 
Now for the proof that (q, 1 )sn E B. Let y be the characteristic function 
for the class K containing the cycles of length n. Since IK/ = (n - I)! and 
the character values of S, are rational integers, ny is a generalized character 
of S,, so can be written as a h-linear combination of the (ls,Jsn, when c( 
runs over all partitions of n. If a is a proper partition and x E K, then 
( l,Jsn (x) = 0, hence ny = nl + C, b,( ls,)‘“, where the sum is over all 
proper partitions of n and 6, E Z. 
Let 
so ZEZ, since rls, is a generalized character. 
Let 
if XEK 
if x#K. 
Then rjls, = qls, if a is a proper partition, so rjls, is a generalized character. 
Moreover 
z = (ri, w) 
=d& l)+~b,(r?l,~, 1),x 
I 
=n(fj, l)+z, 
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so (ii, 1) = 0. Therefore Q is a generalized character and it is enough to 
show that q - q is a multiple of ny, in other words, that q(x) - z = 0 mod n 
for x E K. 
Assume first that II $ 0 mod 4 and let C be the subgroup generated by 
x E K. Then FjI o and-by the first claim-q1 c are generalized characters and 
so is (v] - q)l o. But this vanishes except possibly on the generating elements 
of C, where the value is q(x) - z. If 1 is a linear character of C such that 
m = IC: Ker ]+I, then Cc,>= c n(x) = (cp(n)/cp(m)) p(m) (see [7, Lemma 4]), 
where cp and p are the Euler- and Mobius-functions, respectively. In 
particular, taking m = n, E p, r, where P, is the set of prime divisors of 12, 
and a suitable A, this gives 
c J”(x)=;(-l)“.‘. 
<x>=c 
Therefore 
Zs((4--4)lc,i)=~(q(x)-z)~(-l)1’~1, i.e., mlrl(x)-z. 
This is slightly less than we want. However, both q2 and q* = 0 are 
generalized characters of S, which coincide except possibly on the long 
cycles. Therefore 
n I v(x)‘- z* = Crl(x) - zlCrl(x) + zl. 
If r E IF’,, is odd, then r j q(x) + z, because otherwise r I2q(x) = [q(x) - z] + 
[q(x) + z], a contradiction since q(x) is-up to sign-a power of p > n. 
Since 4 j n, it follows that n I q(x) - z. 
If n = 0 mod 4, we use a similar argument, this time restricting to G (as 
in Claim 2) instead of C. 
We first count the long cycles in G. There are clearly no long cycles in 
SQ, x S,,. An element g = tx,x, with X~E S,, is a long cycle if and only if 
g* = (x:x,)(x~x,) consists of two cycles of length $n; i.e., iff xix1 is a cycle 
of length $r in S,,. There are ($ - l)! such cycles. Given one of them and 
an arbitrary x2, there is precisely one xi such that xix1 is the prescribed 
cycle. Therefore, there are precisely ($z)! ($ - l)! long cycles in G. Both 
VI G and ~1 G (by Claim 2) are generalized characters, so 
=$(x)-4, 2 since IGI =2 5! . 
0 
This linishes the proof. 
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2. Proof of the Theorem. Let F0 = GF(p) and let &, be defined the same 
way as 6, using F, instead of F. Clearly 6 z 6, mod d. If IFI = p”, then 
6 = 6:. If a = 2b is even, y = Si will do, proving part of (2). If a = 2b + 1 is 
odd and if we can find an T-generalized character y0 of G such that 
yOjjO = 6,, and y0 = 6, mod d, then y = 6iy, is an Y-generalized character 
with yv=6 and y=6 mod&. 
In fact, if y0 is a rational valued generalized character, then so is y. It is 
therefore enough to consider the case F= F,,. Moreover, there is no loss is 
assuming that G acts faithfully on 52, so G < S,. 
Since p and 1GI are relatively prime, there are infinitely many primes in 
p + fW IG( by Dirichlet’s theorem. Therefore there exists a prime p1 > n such 
that p1 -p mod IGI. Let F, =GF(p,), so S, acts on F,Q and we have 
corresponding generalized characters 6, and 8, of S, as in Section 1. Now 
by 1.4, there is a generalized character 4, of S, such that q: = 8, and 
q,(l)=?,(t)= 1, if t is a transposition. If gEG, then q,(g)=s(g)pt(g) for 
a suitable sign s(g) and some k(g) E N,. Define then q(g) = s(g) pkcg), so 
ye is a rational valued class function of G. Note that q2 = 6 on G n A,, while 
py2 = 6 on G\A,. In fact, q is a generalized character of G: Since v] is 
rational valued and v](g) = q(h) if (g) = (h) (because two such elements 
are conjugate in S,), it is clear that (q, t) is rational for all T E Irr G. On the 
other hand, q(g)-ql(g) mod ICI, since p=p, mod IGI. So for any 
t E Irr G 
IGI (vl, r) = c v(g) Sk) 
-Cvl,(g)t(g) mod IGI 9 
=;I (q,,~)~lGl z since u I / G is a generalized character. 
Therefore (q, r) is an algebraic integer, hence a rational integer. 
So if G<A,, we can take y=q. If GPA,, define 
if geA, 
if g&A,. 
Then r = ctl + (1 -a) (~1 G is an Y-generalized character and so is y = qt. 
Moreover 6 = yr and 6 = y mod d. This proves the theorem. 
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